VOL. 3, NO. 3, MAY-JUNE 1987

J. PROPULSION

277

Euler Analysis of Transonic Propeller Flows

J. M. Barton* and O. Yamamoto¥
Sverdrup Technology Inc., Middleburg Heights, Ohio

L. J. Boberi
NASA Lewis Research Center, Cleveland, Ohio

A three-dimensional Euler code, previously developed for high-speed propellers, was rewritten and vectorized
for the Cray computer. First-order accurate, implicit integration was combined with approximate factorization,
central differences, and constant coefficient dissipation to solve the unsteady, compressible Euler equations in
general curvilinear coordinates. Calculations were compared with previous results and measurements. The new
code required less memory and was more than two times faster than its predecessor. New boundary conditions
produced more accurate results in terms of integrated performance characteristics. The code is a useful tool for
examining the fluid dynamics and performance of propellers.

Nomenclature
A,B,C,D = Jacobian matrices [Eq. (5)]
Cp,Cr =power and thrust coefficient
e =total energy per unit volume [Eq. (2)]
E,F,G,H =Euler equations flux vectors [Eq. (1)]
I =identity matrix [Eq. (5)]
J =geometric Jacobian of the -curvilinear
transformation; also advance ratio
Lk, =indices along the (¢,3,{) directions
N-1,p-1 §-1  =transformation matrices arising from the

diagonalization [Eq. (7)]
J/] =static pressure
r =cylindrical radial coordinate
R =propeller radius
t =nondimensional time variable
U = Euler equations dependent variable vector

u,u,w =cylindrical axial, radial, and circumferen-
tial velocity components

u,0,w =contravariant velocity components

z =cylindrical axial coordinate

By =blade angle at r/R=0.75

5,A = finite-difference central and forward-
difference operators, respectively

¢ =transformed curvilinear coordinate in the
blade-to-blade direction (Fig. 2)

7 =transformed curvilinear coordinate in the

hub-to-tip direction (Fig. 2)

=diagonal matrices of the corresponding
Jacobian matrices A, B, C [Eq. (7)]

= finite-différence averaging operator

=transformed curvilinear coordinate in the
axial direction (Fig. 2)

=density

=transformed time variable

=cylindrical circumferential coordinate

=propeller angular velocity
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Superscripts

nn+1 =integration time levels for current and ad-
vanced times, respectively

(), *x, x> =tentative values of quantities used during

integration

Subscripts

t,7 =partial derivatives with respect to time

Lkl =values of quantities at specific mesh loca-
tion (j,k,1)

FA X =partial derivatives with respect to the cylin-
drical independent variables

£n,¢ =partial derivatives with respect to the cur-

vilinear independent variables

Introduction

ANY studies published since 1975 have elaborated and

documented the economic benefits of a modern
technology propeller, relative to a comparable technology
turbofan engine, as the propulsion system for subsonic air-
craft with cruise Mach numbers up to 0.8.12 The propeller
operates transonically with a relative tip Mach number near
1.15. There are commonly 8-10 blades, each thin, swept,
tapered, and twisted. The spinner and nacelle are area ruled
to reduce compressibility losses. Propellers currently in use
have straight blades, which are fewer in number and thicker,
and experience diminished efficiency at Mach numbers above
0.6-0.65. The dramatic change in propeller geometry and
operating conditions has necessitated establishment of a data
base to support propeller design work. The data base is re-
quired to aid in understanding the effects of number of
blades, sweep, twist, thickness, Mach number, and spinner
contouring on the aerodynamic, acoustic, and aeroelastic
performance.

The required information has been obtained primarily
from model tests. Many phenomena, particularly acoustic
and aeroelastic, do not scale reliably and require larger-scale
testing, such as the effort underway between NASA, United
Technologies, and Lockheed.? The large number of variables
involved in the designs, the associated parametric model
testing, the scaling uncertainties, and the large-scale testing
are complex aspects of the design work and require accurate
and flexible analysis methods for high-speed propellers, as
discussed by Bober and Mitchell® and Bober and Chang.*
Design, fabrication, and testing, at any scale, is time con-
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suming, subject to uncertainties, and expensive. Computa-
tional models can help mitigate these problems, as has been
demonstrated in propulsion systems by Paynter® and in
engine testing by Barton.® Measurements are required to
establish the accuracy and range of applicability of the com-
putations. The analyses can then be applied with confidence
within the same class of flows and geometries. Parametrics
can be performed quickly and cheaply, relative to testing,
and the various phenomena can be examined in great detail.
Caution must be exercised, however, when considering new
classes of geometries and flows until measurements are ob-
tained for validation purposes. The objective of this paper is
to describe and evaluate modifications to an Euler equations
solver with the goal of producing an accurate method for
analyzing propeller flowfields.

Background

Methods for analyzing propeller flows date from the for-
mulation and approximate solution of Prandtl and Betz’ and
the exact solution of Goldstein.® The propeller consisted of a
finite number of straight, lightly loaded blades in a single
row. A helical coordinate system was chosen and the wake
was specified as a rigid helix having constant pitch. Each
blade was represented by a single-bound vortex line, with the
trailing vortices constituting the helical wake. The flow
upstream of the propeller was uniform and incompressible.
The problem then reduced to a two-dimensional solution of
Laplace’s equation for the velocity potential far down-
stream. The new high-speed propellers violate the assump-
tions of the early methods; thus, singularity methods were
developed, usually for incompressible flow with a com-
pressibility correction added. These methods produced solu-
tions to the incompressible potential equation®!! or the
linearized, compressible potential equation.!?!® Solutions
were also published for the transonic small-disturbance equa-
tion!* and the transonic full potential equation’!> for pro-
peller applications.

Solutions to the Euler equations for propeller flows have
been reported by Celestina and Adamczyk,'¢ Bober et al.,!”
Clark and Scott,!® and Bousquet.'® Celestina and Adamczyk
applied the method of Jameson et al.?® in cylindrical coor-
dinates. Preliminary results at the design point for the SR-3
propeller! compared favorably with measurements. Recent
results were obtained by Celestina et al.?! for counterrotating
propellers, applying the ideas of Adamczyk.?? Bober et al.
employed the method of Beam and Warming? for the SR-3
propeller. Results for the SR-3 were generally acceptable, but
the swirl was overpredicted and the power coefficient was
likewise too large. Clark and Scott adapted the tur-
bomachinery code of Denton® by moving the shroud wall
out a distance of one to two propeller radii from the tip. No
studies have yet been published to determine how far away
the wall should be or to impose a nonreflecting condition in
place of the wall. Bousquet applied the method of Brochet?
and examined the effects of number of blades, Mach
number, rotational speed, and hub contouring on perfor-
mance. No comparisons were made with measurements.

Two viscous analyses have been published recently utiliz-
ing marching solutions of the parabolized Navier-Stokes
equations. Govindan et al.? performed preliminary calcula-
tions for flow in the neighborhood of a propeller blade tip.
The pressure field was obtained from a potential flow
calculation and the blade geometry was highly simplified.
The entire hub region was neglected and only laminar solu-
tions were published. The results did demonstrate the ability
to produce (qualitatively, at least) a tip vortex with a space
marching method. The method was extended to compressible
flow and applied to the SR-3 propeller.?’” No comparisons
were made with measurements. Pouagare?® applied the
method of Schiff and Steger?® for rotors. Calculations were
in good agreement with analytical results of .Morris®® for
laminar flow over helical propeller blades with no hub or
nacelle. ’ .

.
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Governing Equations

The governing field equations for three-dimensional
unsteady, rotational, inviscid flow are written in cylindrical
coordinates. (These equations are referred to hereafter as the
Euler equations.) The cylindrical coordinate system is an ab-
solute (nonrotating) reference frame. To facilitate calcula-
tions a general time-dependent mapping is applied and the
equations are transformed to a rotating curvilinear coor-
dinate system. The curvilinear system is defined such that the
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blades, spinner, and nacelle surfaces lie in constant coor-
dinate planes. If (z,7,¢) are associated with the (cylindrical)
axial, radial, and circumferential directions, respectively, the
corresponding transformed coordinates are denoted by
(£,7,%). The blades lie in {-constant planes and the spinner
and nacelle lie in an gp-constant plane. The flowfield is
assumed to exhibit periodic symmetry in the blade-to-blade
direction; thus, only the flow between two adjacent blades is
considered. (Figures 1 and 2 illustrate the coordinate system
and its relation to the computational space.)

For the assumptions stated (inviscid, rotational flow of a
calorically perfect, nonheat conducting gas), the governing
equations can be written in conservation law form as

U  OE OF 4G
ar | 9t am = o

+H=0 1)
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Numerical Method

Following the development in Refs. 17 and 31, the
transformed equations are treated as a system of coupled,
first-order, autonomous differential equations. First-order
accurate implicit Euler time differencing is employed and the
flux vectors are linearized by Taylor series expansions up to
second order in time. The equations can be written as
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where [ is the identity matrix, AU= U"*! — U”, and

n n n
where U is the vector of conserved quantities, E,F,G flux A= aEn , B"= aF: , C'= oG , D= oH 6)
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where J is the Jacobian of the coordinate transformation

(En,0)
= ,oo
8(z,r.¢)
The transformed system of equations is similar in ap-

pearance to the original system when written in terms of the
contravariant velocity components, which are defined as

u=§£,+uk, + vk, +wt,/r
O=mn;+un, +vn,+wy/r

W= ul, + vl +wi,/r 3)

Geometric information is contained in the Jacobian J and
in the metric terms. The metrics can be developed by apply-
ing the chain rule of differentiation and manipulating the
resulting equations to obtain

Ez =J(rﬂ¢§'—r{¢q ): gr =J(Z§,d).’7 _Z'T¢§)
N, =J(rede ~redc), 1, =J(2:0.~2.0;)
g-z =J(r§¢n - r’y,¢£ )) g‘r =J(ZTI¢E _ZE¢,')
24, =J(Z,,I'§—Z;r,, ): Et = (zrgz +r‘f£f+¢7€¢)
Ne =J (2P —2¢Te), = — (XM + 1+ d,my)
§‘¢=J(Zgr,q“znr§-), g‘t=_(z7§'z+r7§‘r+¢1§‘¢) (4)
In the current application, motion of the coordinates takes
place in only one direction, the { direction; thus z,=r,=0
and ¢,=w, the rotational velocity of the propeller. The
metric §, then becomes —w{,. N
All variables are dimensionless, with velocities normalized

by a.,/Vvy, angular velocity by Dvy/a,,, pressure by p,,, den-
sity by p., lengths by D,.and total energy by p,a%/y.

are the Jacobian matrices resulting from the linearization.
(See Ref. 32 for details of the linearization.) The left-hand
side of Eq. (5) is factored into three one-dimensional
operators with the formal order of accuracy of the algorithm
retained. The resulting operators involve block tridiagonal
inversions. Since attainment of a steady-state solution is the
ultimate goal of the effort, the left-hand side of Eq. (5) is
regarded as an iteration operator and is manipulated to
reduce the total operation count and to accelerate con-
vergence. One step toward this end is neglecting the
nonhomogeneous D. The second step is to diagonalize the
Jacobian matrices of Eq. (6) using a similarity transforma-
tion.1731-34 (The development is contained in Ref. 32.)
Subsequently, the spatial derivatives are replaced by central
differences and appropriate one-sided differences at the
boundaries. The equations are now written as

[T+ Ar8A 4 JAU*** =8, "' — A7[p;0,E + 6, F + p,8,G + H]
[T+ A78, Ag]AU** =N"1AU***
[I+AT8,AJAU* =P~ AU**

AU=S,AU*

Ur+tt=U"+ AU @)
The subscripts j, k, and / represent the £, 7, and { directions,
respectively. The finite difference operator notation is de-
fined as
B =0.57, s 411 )
5}'f=fj+ v _fj— 173
Aft=prrl =

The mesh increments in the transformed plane are uniform
and specified as unity, i.e., Af =Agp=A{=1. The quantities
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A, Ap, and A, are diagonal matrices whose components are
the eigenvalues of the Jacobian matrices A, B, and C. The S,
N, and P matrices also result from the diagonalization and
are contained in Ref. 32. The benefit of the effort is that the
five equations are uncoupled and can be solved by five
passes through a scalar tridiagonal matrix solver (for each
direction). The original block inversions have been
eliminated with an approximate reduction of 30% in solution
time. The sacrifice is that the transient is no longer physically
meaningful, regardless of the magnitude of the stepsize.

The boundary conditions are representative of the pro-
peller in an infinite ambient fluid. The flow is assumed to be
cyclic around the propeller, so ‘that the computational do-
main contains only one blade passage. Figure 2 illustrates the
transformed space and its correspondence to physical space.
Figure 1 indicates the specific computational boundaries.
The domain is actually ‘‘warped spherical,”” as used by
Bober et al.!” and Pulliam and Steger,* and not cylindrical.
On the periodic surfaces beyond the blade tip, upstream of
the leading edge, and downstream of the trailing edge, the
governing equations are solved implicitly as they are in the
interior. A periodic tridiagonal matrix inversion is employed
in the circumferential direction. The spinner, nacelle, and
blades are impermeable. The impermeable (tangency) condi-
tion on solid surfaces is enforced by extrapolating the con-
travariant velocities to the surface, setting the appropriate
contravariant velocity component to zero (0 for spin-
ner/nacelle and w for blades), and computing the correspond-
ing physical velocities from the inverse of Eq. (3). Pressure
and density are also extrapolated to the surface. At the in-
flow and other boundaries (3 =7,,,,), the dependent variables
are specified from freestream conditions. The axis of sym-
metry (£=0) requires that v=w=0 and that radial
derivatives of all other quantities are zero.

At outflow, £=§£ .., the transformed radial momentum
equation is simplified by neglecting the radial velocity and
dropping the unsteady term. The remaining equation is
solved for the radial pressure distribution by a trapezoidal
rule integration, starting from a specified value at the
freestream boundary. Since the integration is effected along
every radial line in the outflow plane, the dependent
variables can vary circumferentially as well as radially. The
outflow plane is located two radii from the trailing edge.
(The solutions were nearly identical when the outflow was
placed four radii downstream.) The three velocity com-
ponents and density are extrapolated from upstream (zero
first derivative). This outflow treatment is sometimes re-
ferred to as radial equilibrium. ’

For a steady-state solution, the specification of the initial
conditions is theoretically arbitrary, at least for linear
systems of equations. In the current work, freestream condi-
tions are imposed everywhere.

Applications

The Euler analysis is applied to the flowfield of the SR-3

propeller® - at several operating conditions. (The nominal
Reynolds number of the model-scale tests was 1.5x107/m
and the propeller diameter was 0.62 m.) Results are com-
pared with measurements and previous calculations where
available. In all cases, the blade geometry used included the
centrifugal loading effects experienced during operation. The
centrifugal effects were determined using a finite-element
structural analysis code for the propeller operating at a Mach
number of 0.8 and advance ratio of 3.06. At other rotational
speeds and Mach numbers, the deflection was scaled between
the static and the design point geometry.
" Performance parameters are obtained by integrating the
blade pressure distribution to obtain the net force. The resul-
tant force is then resolved into thrust and torque com-
ponents, from which the power coefficient is computed. Ef-
ficiency is calculated as the product of advance ratio and
thrust coefficient divided by power coefficient. ’
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The SR-3 propeller is pictured in Fig. 3 with a surface grid
present. The grid is concentrated about the leading and trail-
ing edges and the tip. The inflow boundary is located about
10 propeller radii upstream of the leading edge, the outflow
boundary is 2 radii downstream of the trailing edge, and the
freestream boundary is 9 radii from the tip. The mesh was
generated as a sequence of two-dimensional planes using an
elliptic mesh generator.’? The mesh in an r-z plane was
generated, encompassing one surface (suction or pressure) of
the blade. The mesh was rotated about the propeller axis in
specified increments. The mesh containing the opposing
blade surface was then generated to complete the re-
quirements. This approach for producing a grid resulted in
two of the metrices of Eq. (4) being identically zero—&,
and 7.

The code described in Ref. 31 underwent several modifica-
tions (vectorization for the Cray computer, implementation
of new boundary conditions, and inclusion of a new solver)
and results from the new code were compared with the
original results. The initial calculations were performed for
the same mesh used in the original work: 45 points axially,
21 points radially, and 11 points circumferentially
(45 x 21 x 11), with 250 points on each blade surface. Subse-
quent calculations were made with the new version using a
more refined mesh (51x41x21), but retaining the same
computational boundaries. The refined mesh had 1000
points on each blade surface.

The code vectorization involved four steps: 1) restructur-
ing the indexing, 2) restructuring some DO-LOOPS, 3) put-
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ting small subroutines directly inline, and 4) recoding the
tridiagonal solvers. The vectorization reduced execution
times by a factor of two. (The resultant code also ran faster
on a scalar machine.) ,

Two boundary condition changes were made. Formerly,
the variables on the periodic boundary were obtained by
linearly averaging values on both sides of the boundary. This
was replaced by an implicit solution of the field equations
for all periodic points, using a periodic scalar tridiagonal
solver. Calculations produced monotonic convergence of the
solution  where previously the decay of the error was
oscillatory. At the outflow boundary, a characteristic ap-
proach was used originally with a specified static pressure.
The ‘pressure was imposed as constant and uniform
throughout the outflow plane, however, which artificially
produced large swirl velocities. (The outflow boundary was
located two radii  downstream of the propeller.)- The
characteristic analysis was replaced by a radial equilibrium
treatment, with the static pressure prescribed at the
freestream boundary and computed elsewhere. All other
variables were extrapolated from the interior. The result was
a much reduced swirl velocity, as seen in Fig. 4. (The present
calculations do exhibit worse agreement in the tip region.)
An attendant reduction in predicted power coefficient was
also realized. Figure 5 includes three data points for fixed
advance ratio (J=3.06). In comparing efficiency for the
same conditions, at 8, =59.3 deg, 7=280.3 (79.3 measured);
at 8y, =60.5 deg, n=76.6 (79.5 measured); and at 8, =61.3
deg, n=74.1 (78.0 méasured). The current results are in good
agreement with the measurements. Figure 6 shows the
crossflow velocity vectors 0.03 radii dowrstream of the trail-
ing edge. The tip vortex -diffuses less on the finer grid
relative to results from Ref. 17. In addition, the computed
power coefficient was 1.54 with the denser grid, compared to
2.2 formerly.!” The measured value was 1.54.3%

To further increase efficiency, alternatives to the original
FORTRAN tridiagonal solver were examined. An assembly
language scalar tridiagonal solver was implemented in place
of the FORTRAN nonperiodic- solver, producing a 10%
reduction in CPU time. For comparison, the FORTRAN
solvers, periodic and nonperiodic, were rewritten for vec-
torization. Vectorization can result from performing multiple
tridiagonal inversions along parallel mesh lines. The iricrease
in storage for the extra matrix coefficients is very small. The
resulting vectorized FORTRAN code is 20% faster than the
assembly language solver.

The remaining calculations were all run until the L, norm
of the residual decayed two to three orders of magnitude.
The typical run required 0.000076 s per mesh point per step.
The calculations employed 2000 steps; however, the con-
vergence history indicated satisfactory (at least two orders of
magnitude) residual decay between 500 and 1000 steps.

Figure 7 presents the power coefficient as a function of
advance ratio at a Mach number of 0.8. The present results
are compared with measurements of Ref. 36. The Euler
results are in close agreement with the measurements. Recall-
ing that the results are inviscid, however, one must conclude
that the power is still somewhat overpredicted. (The power
required inviscidly should be less than the power required for
viscous flows.) The overprediction is probably attributable to
too much dissipation and inaccurate wall boundary
conditions.

The new code, in general, produced more accurate results
(when measured in terms of the integrated performance pa-
rameters), required somewhat less memory, and ran more
than two times faster than the original. Within these limita-
tions, the results demonstrate the design and off-design
capability of the code for propeller analysis. The results are
built upon the earlier work reported in Refs. 17 and 31. Fur-
ther refinements and considerations are in progress. The

nonlinear smoothing of Jameson as described by Pulliam?’ -

has been incorporated to. enhance stability - and improve
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Fig. 7 Power coefficient comparisons for the SR-3 propeller.

calculations where shocks are present. Wall boundary condi-
tions are now enforced through a method of characteristics
approach. Both of these changes should improve accuracy
and convergence and are reported in Ref. 38. Finally, a
multistage Runge-Kutta version of the code is being
developed and shows much potential.’®

One of the remaining needs is improved three-dimensional
grid generation capability. Obtaining a satisfactory grid is
currently the most difficult step in modeling the flow and
each operating condition requires a new grid. For example,
for a fixed static blade angle, a change in either Mach
number or rotational velocity produces a change in the
deflected blade angle; thus, a new grid must be generated.
(Propeller performance is quite sensitive to small changes in
blade angle.) A means of quantifying the necessary qualities
of a grid, and incorporating the criteria into a feedback loop
in the generation process, is required. For instance, limits on
grid skewness, variation of Jacobian from point to point,
and variation in grid spacing from point to point are relevant
variables. Removing some of the trial-and-error effort in
producing a suitable grid would reduce the time to achieve a
flowfield solution. This goal becomes even more pressing
when extending the analysis to viscous solutions and counter-
rotating propellers.
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